
Introduction

A semiconductor nanoparticle consists of a nanocrystal
core (semiconductor) of radius R, capped with an or-
ganic layer of thickness d covalently bound to crystalline
surface during the synthesis process (see Fig. 1a). For
semiconductor nanoparticles, the most striking obser-
vation is that the wavelength of emission depends on the
nanocrystal size, see for example, the beautiful color
produced by CdSe nanocrystals in Ref. [1]. In this case
the nanoparticles, dispersed in organic liquid medium
and excited with UV-light, can be considered as isolated

emitters of light. The variation of photoluminescence
and absorbance wavelength with the particle size is
theoretically explained as a quantum confinement (QC)
effect, considering the exciton fully confined in the
physical dimensions of nanocrystal core [2–4]. The en-
ergy of the lowest 1s-excited state is then given by the
following expression [4]:

EðRÞ ¼ Eg þ
p2�h2

2m1R2
� 1:786e2

e1R
� 0:248m1e4

2e21�h
2

; ð1Þ

Here, Eg is the energy band gap for bulk semiconductor,
�h ¼ 1:055� 10�34 J � s is Planck constant, m1 is effective
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Abstract A new effect, called atten-
uated quantum confinement, is de-
scribed using a theoretical approach,
based on the effective mass approx-
imation. It assumes that the exciton,
generated in a semiconductor nano-
crystal, can penetrate the medium
outside the crystal boundary. An
equation is derived for the energy of
attenuated quantum confinement
depending on the penetration depth
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nanocrystals.
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mass of the exciton, e=1.602·10)19 C is electron
charge, e1=4p e0 e1r is dielectric constant of the material
with e0=8.854·10)12 F/m being the permittivity of
vacuum and e1r the relative dielectric constant. The
second term on the right-hand side of Eq. 1 represents
the quantum confinement energy EQC ¼ p2�h2=2m1 R2;
which dominates for particles of small radii R. The
Coulomb energy, EC, given by the third term, is of
importance for relatively big particles. The Rydberg
energy, ER, given by the fourth term, is related to the
electron–hole correlation. Although ER is a rather small
constant and could be omitted [4], we will preserve it for
completeness.

Equation 1 fails to explain experimental data for the
energy deduced from absorbance spectra of nanoparticle
suspensions (CdS [5], PbS [6] and CdSe [7]) plotted
versus the radius of nanocrystal core R. The core radius
is usually measured by transmission electron microscope
(TEM). The calculated energy is substantially larger for
very small nanocrystals, which can lead to overestimated
nanocrystal radius by up to 100% [6, 7] (cf. Figs. 4 and
5) This represents a significant problem for the synthesis
[8] and manufacturing [9] of nanoparticles, where one
has to control their size from the absorbance spectra
recorded during the nanocrystal growth. Since Coulomb
term EC is not enough to count down the right func-
tional dependence on R, one has to look for another
solution whereby the contribution of the QC term, EQC,
is appreciably decreased. For example, assuming that
nanoparticle radius in the denominator is effectively
larger than that of nanocrystalline core. This effect of
the exciton travelling outside the core, seen in Fig. 1b, is
denoted by us as attenuated quantum confinement
(AQC).

Experimental evidence for such a possibility is given
by the phenomena of electron charge exchange between
nanocrystals incorporated in a matrix. The possibility
for an electron to delocalize outside nanocrystal core is
confirmed for a single semiconductor nanoparticle

(CdSe), leading to ionization/deionization process as
shown by intermittent fluorescence light [10]. If nano-
crystals such as CdSe or CdS are embedded in glass, the
released electron can become trapped in host matrix,
which in fact is used to explain the effect of persistent
hole burning [11]. Another example is excitation-time
dependent photoluminescence discovered in a thin film
of CdSe nanoparticles exposed to UV-light [12]. The
photoluminescence intensity increases upon excitation
due to electrons release by nanocrystal cores; then the
electrons accumulate in the organic matrix of capping
agent, tri-octylphosphine oxide (TOPO), and can ex-
change among cores.

On the basis of these observations, one can make the
following assumptions: (1) In the case of isolated
nanoparticles on a substrate or in an isolating matrix,
the electron can go outside the core and stay in the
vicinity of nanocrystal surface. The shell of electron
localization may not exceed the boundary of organic
capping layer. (2) For nanoparticles in a conducting
medium, the electrons from the shell can hop to more
distinct domains. In both cases (1) and (2), this will
violate the effect of QC by increasing the space for
motion of the exciton until the electron and hole can be
correlated in a couple.

The purpose of our paper is to outline a simple theory
of attenuated quantum confinement based on effective
mass approximation—the model used to calculate exci-
ton energy. The result is an energy expression account-
ing for the degree of exciton penetration outside
nanocrystal core, which is in a very good agreement with
experimental data. This allows calculating the true
nanocrystal radius from absorption energy by knowing
one more parameter of the system—the exciton pene-
tration depth l. The latter is obtained by fitting experi-
mental data for compound semiconductors such as CdS,
CdSe, PbS and InAs.

Theoretical model

In Fig. 1b, we consider the exciton (the couple of hole
and electron) that is localized in both media with the
hole staying preferably in the nanocrystalline core and
the electron penetrating in a shell of thickness l (l �d).
Schrödinger equations describing exciton motion are as
follows:

�h2

2mi
Drwi þ Eiwi ¼ 0; ð2Þ

where Dr ¼ r�2ðd=drÞr2ðd=drÞ: Subscript i=1 refers to
the core (0 £ r £ R) and i=2 refers to the shell
(R £ r £ R+l). The effective mass of exciton, mi, is
given by 1/mi=1/mih+1/mie, where mih is the mass of
hole and mie is the mass of electron in the respective

Fig. 1 a Semiconductor nanoparticle with a crystalline core of
radius R and organic capping layer of thickness d; b model of a
nanoparticle with two domains for exciton motion: inner
(0 £ r £ R) and outer (R £ r £ R+l)
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medium i. In our calculations, we assume that Ei=E
in both the core and shell, where E is quantum energy
of nanocrystal. First, this means that we neglect any
small energy barrier, which may exist between the two
media; as a result, any difference in the exciton motion
comes only from the different effective masses of car-
riers. Second, the energies, Ei, should contain respec-
tive electrostatic energy terms, which are also omitted
for the sake of the simplicity of calculations. The wave
functions, wi and their derivatives, have to match at
the core boundary; subsequently w1(R) = w2(R);
m�11 ðdw1=drÞjR¼ m�12 ðdw2=drÞjR (the latter comes from
balance between the fluxes across the interface). The
wave function should be finite at the core center,
w1(0) = const, and should vanish outside the nano-
particle, w2(R+l)=0.

The substitution, wi=/i /r, transforms Eq. 2 into the
equation d2ui=dr2 þ k2i ui ¼ 0; where ki ¼

ffiffiffiffiffiffiffiffiffiffiffiffi

2miEi
p

=�h is
the wave number. This equation is easily solved for the
function, /i, thus giving for the wave functions,

wiðrÞ ¼ AisinðkirÞ=kir þ BicosðkirÞ=kir: ð3Þ

From the conditions for wi, the constants in Eq. 3 are
found to obey the relationships A2 ¼ A1k2 sinðk1RÞ k1f
sinðk2RÞ 1� tan k2ðRþ lÞ= tanðk2RÞ½ �g�1; B1=0, B2=)
A2 tan k2(R+l ). Replacing them in the boundary con-
dition for fluxes gives the following relationship for wave
numbers:

ð�1þ x cot xÞ
�

1� cotðx= ffiffiffi

l
p Þ tan½ð1þ bÞx= ffiffiffi

l
p �

�

¼ l

�

�1þ ðx= ffiffiffi

l
p Þcotðx= ffiffiffi

l
p Þ

þ
�

x=
ffiffiffi

l
p þ cotðx= ffiffiffi

l
p Þ

�

tan½ð1þ bÞx= ffiffiffi

l
p �

�

:

ð4Þ

Here, x=k1R and b=l /R; the parameter, l=m1/m2, is
the ratio between effective masses of the exciton. In the
simplest case of two uniform media l=1, because
m1=m2. If we take k1=k2, Eq. 4 simplifies to tan k1
(R+l)=0 with the solution k1=np/(R+l), where
n=1,2,3,.... Thus, the leading term in AQC energy is
obtained:

Eð0Þn ¼
p2�h2n2

2m1ðRþ lÞ2
: ð5Þ

Numerical solution of Eq. 4 gives the exact energy lev-
els. Here, we look for analytical solution assuming a
small difference of exciton masses, i.e., a=(m2 ) m1)/
m2=1 ) l is much smaller than unity. Expanding the
arguments and trigonometric functions in series of a lead
to the following expressions: x(0)=np /(1+b) (cf. Eq. 5)
and

xð0Þxð1Þ ¼ cos2 xð0Þ

ð1þ bÞð1þ cot 2 xð0ÞÞ

�

1� xð0Þ tan xð0Þ

þ xð0Þ

2

�

cot xð0Þ þ ð1þ bÞxð0Þ
cos 2 xð0Þ

ð1þ cot2 xð0ÞÞ

� xð0Þ

sin2 xð0Þ

��

:

Here x=x(0) ) a x(1), k=k(0) ) a k(1) and E(a)=E(0) ) a

E(1). Respective energy terms are Eð0Þ ¼ �h2kð0Þ
2

1 =2m1 and

Eð1Þ ¼ �h2kð0Þ1 kð1Þ1 =m1; where R2kð0Þ1 kð1Þ1 ¼ xð0Þxð1Þ: Subse-
quently, quantum energy of the nanocrystal is

EAQC ¼
p2�h2

2m1ðRþ lÞ2
� a

�h2

m1R2
xð0Þxð1Þ: ð6Þ

The first term in the right-hand side of Eq. 6 differs
from the respective term, EQC, in Eq. 1 by quantity l in
the denominator, which is the thickness of localization
layer of exciton around the core. Therefore, l has the
meaning of a penetration depth, which increases the
space of exciton motion beyond the physical dimension
of semiconductor core. Mathematically, it results in a
smaller energy as compared to that corresponding to
usual QC at l=0. As shown below, this fact explains
well the discrepancy between experiment and theory.
The second term acts so as to increase the QC energy if
m2>m1, which turns out to be the usual case for
nanoparticles that are considered here. This term is
much smaller than the first term, but it accounts for the
difference of exciton masses in the core and shell. In
Eq. 1, replacing EQC with EAQC leads to a counterpart
of Eq. 1 in the approximation of attenuated quantum
confinement

EðRÞ ¼ Eg þ
p2�h2

2m1ðRþ lÞ2
� a

�h2

m1R2
xð0Þxð1Þ � 1:786e2

e1R

� 0:248m1e4

2e21�h
2

: ð7Þ

Equation 7 will be used in fitting the experimental data
throughout the paper. The typical magnitudes of dif-
ferent terms for CdS at R=10 Å are the following: 1st
term 2.3 eV, 2nd term 1.45 eV, 3rd term 0.18 eV, 4th
term )0.48 eV, 5th term )0.018 eV.

Results and discussion

The wave function calculated by Eq. 3 is plotted in
Fig. 2 for CdSe nanocrystal of radius R=14.9 Å at the
following values of other parameters: l=8.4 Å,
l=1.029, k1=0.135 Å)1, k2=0.133 Å)1, A1=1,
A2=0.993, B2=0.044. For comparison, the wave func-
tion obtained by the usual QC is
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w1 ¼ A1 sinðk1rÞ=k1r: ð8Þ

Hence, k1 is given as k1=p/R=0.211 Å)1. The pro-
nounced difference between the two functions explains
the delocalization of exciton farther than the vertical line
at the position of nanocrystal radius. This leads to
smaller energy of quantum confinement as calculated
below. The portion of wave function situated outside
nanocrystal core is smaller than the long tail obtained,
assuming finite potential barrier, U0, at nanocrystal

surface. In this case, the respective equation for the shell
is Drw2 � k22w2 ¼ 0; where the energy is given as E2=U0

) E. Matching the two wave functions, w1, given by
Eq. 8 and w2 ¼ B2e

�k2r; lead to the following expression
for constant B2 ¼ A1sinðk1RÞe�k2R=k1R: The energy
can be calculated by using the expression tan x ¼
x= 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2ðx20 � x2Þ
q

h i

; where x0=k0R and k0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2m1U0

p
=�h: Numerical calculation at typical values, U0

�0.5 eV, gave always smaller quantum energy than
experimental data, which implies that the model of small
surface barrier underestimates the contribution of
quantum confinement.

Figure 3 plots the energy from Eq. 7 at different
values of the parameters for particular semiconductor
nanoparticles of CdS. At a fixed effective mass, m2

(Fig. 3a), increasing the penetration depth, l, decreases
the energy of AQC far below the values of the usual QC.
The curve passes through a maximum before which the
third term in Eq. 7 becomes large and negative; hence, it
compensates the second term and the total energy E
decreases. Such behavior seems quite reasonable in view
of the vanishing energy for very small nanoparticles
compared to the infinite energy predicted by Eq. 1 at
R fi 0. Similarly, for fixed depth l, increasing the
effective mass, m2, leads to a decrease of the energy
(Fig. 3b). At large particle radii (R fi ¥), the energy for
both models tends to the constant value, Eg, in accord
with the asymptotes of Eqs. 1 and 7.

Our model for AQC is compared with the experi-
mental data for the ground energy of exciton for various
semiconductors in Figs. 4 and 5 and in Table 1. For
CdSe, the agreement between our theory and the
experiment is remarkable for the nanoparticles synthe-
sized by various authors (see Fig. 4). At the same time, it
allows distinguishing tiny variations of synthesis condi-
tions that affect nanocrystal energy. For example, syn-

Fig. 4 Comparison of the predictions of Eq. 7 with experimental
data for the energy derived from the absorption spectra of CdSe
nanoparticles in solution. The fitting parameters are summarized in
Table 1. The data points are taken from the literature, at different
capping layers resulting from the synthesis method: TOPO+TBP
(1, 2 [8] and 3 [8]); TOPO+TOP (4 [7] and 5 [1]); CdSe/ZnS core-
shell particles [1]

Fig. 3 Numerical simulations with Eq. 7 for nanoparticles of CdS:
a constant m2/ m0=0.17 (l=0.9031) and different l plotted in Å ;
b constant l=5.2 Å and different ratio m2/ m0 plotted on the curves

Fig. 2 Wave functions of the exciton calculated based on different
assumptions: infinite potential barrier located on the core surface at
r=R (usual quantum confinement, QC), infinite potential barrier
located at a distance r=R+l (attenuated quantum confinement,
AQC), and finite potential barrier on the core surface (barrier)
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theses at the same conditions (CdSe1 and CdSe2 [9])
have nearly the same fitting parameters averaged in
Table 1. Syntheses carried out in two different labora-
tories [8, 9], but using the same conditions, lead to
nanoparticles with slightly different energetic properties
and hence penetration depth was l=9.1 and 8.2 Å,
respectively. The capping layer in both cases is com-
posed of tri-octylphosphine oxide (TOPO) coming from
the matrix plus inclusions of tri-butylphosphine (TBP),
the binding agent for selenium as a precursor [9]. Using
another recipe of synthesis with tri-octylphosphine
(TOP) in the precursor [7] leads to a pronounced dif-
ference in nanoparticles: at one and the same core ra-
dius, they exhibit higher absorbance energy by about
0.2 eV (blue shift of 12 nm). Assuming core material
with the same properties, as confirmed by the respective
fitting parameters, the observed difference can be
attributed to the capping layer. The latter contains only

octyphosphine compounds, which make it denser as seen
from the higher effective mass m2. The nanoparticles
from Ref. [1] are of even higher energy attributed to
larger m2.

A shell of few atomic layers of ZnS does not
appreciably affect the absorption energy as seen from
the comparison with series CdSe/ZnS nanoparticles-
from Ref. [1]. It means that this shell is almost
equivalent to the organic capping layer with respect to
exciton motion. At the same time, the capping of
CdSe with wide-zone semiconductor, such as ZnS or
CdS [17], was found very efficient with respect to high
quantum yield and luminescence intensity. The
dependence of photoluminescence as a function of the
nanoparticle size is not a simple issue and goes beyond
the scope of our paper.

Two series of CdS nanoparticles with pronounced
difference in the energy versus R are shown in Fig. 5a.
This leads to rather different values of penetration depth
l in Table 1 for nearly the same effective masses, m2, in
the shells. Most probably, the two batches are of varying
composition and/or structure due to the various ways of
synthesis. The different band gaps, Eg, accepted for the
series, 2.3 and 2.4 eV, both of them being smaller than
the value for bulk CdS (2.58 eV), support the above.

For narrow band-gap semiconductors such as PbS
(Fig. 5b) and InAs (Fig. 5c), the situation is rather
similar to that described above. The biggest difference
between calculated energy in AQC and QC approxi-
mations is observed for InAs where the penetration
depth is noticeably larger.

Considering the full set of data in Table 1, one can
conclude that, with some exceptions, penetration depth
is almost constant, l�8–10 Å, for most of the materials.
This value is comparable with the thickness of organic
capping layer. Therefore, the nanocrystal core and or-
ganic shell can be considered as two inseparable parts of
one undivided object—the nanoparticle. The match be-
tween these two parts seems so precise that the exciton
does not feel a difference while travelling in any of them.
In support to this conclusion is the very small difference
between the effective mass m2 in the shell and m1 in the
core (see l in Table 1).

Conclusion

A new effect is considered using the model of attenuated
quantum confinement due to penetration of the exciton
in the organic shell outside the crystalline core of a
semiconductor nanoparticle. On the basis of this
assumption, a new expression is derived for quantum
confinement energy whose leading terms contain the
penetration depth of the exciton outside the core and the
effective mass of the exciton in the shell. This equation
describes experimental data for energy with a good

Fig. 5 Fit of experimental data for various nanoparticles: a CdS
(1 [4, 12] and 2 [14]); b PbS [5, 14]; c InAs [15]
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accuracy, which allows determining the true nanocrystal
radius directly from the absorbance spectrum of a
nanoparticle suspension.

The model parameters are calculated for a variety of
semiconductor nanoparticles: CdS, CdSe, PbS and InAs.
The penetration depth is found to be nearly the same
magnitude for most materials, i.e., about 8–10 Å,
roughly corresponding to the thickness of organic shell
layer capping the nanocrystal core. The small difference
in the corresponding effective masses of exciton in the

two media refers to the formation of interfacial layer of
smooth transition between the core and shell.

Our findings can be used to control nanocrystal
growth by obtaining nanocrystal size from the absor-
bance of nanoparticle suspension measured in situ. Also,
they can serve as a test for the degree of matching
between the semiconductor material and the organic
matrix, most probably depending on the synthesis
conditions.

Table 1 Model parameters for nanoparticles of compound semiconductor materials

Semiconductor core Capping shell layer Eg (eV) �1r me /m0
a mh /m0

a m1 /m0
a m2 /m0

a l l (Å)

CdS HMP [4, 13] 2.3b 5.4f 0.19c 0.8c 0.154 0.170 0.903 3.0
TP [15] 2.4b 0.179 0.858 5.2

CdSe TOPO+TBP [8] 1.74d 10.0f 0.13f 0.45f 0.101 0.117 0.862 9.1
TOPO+TBP [9]g 0.103h 0.975h 8.2h

TOPO+TOP [7] 0.140 0.720 9.4
TOPO+TOP [1] 0.144i 0.695i 8.0i

PbS E-MAA [6, 15] 0.41e,f 17.0f 0.11e 0.11e 0.055 0.069 0.797 10.1
InAs TOP [16] 0.36d,f 14.6f 0.026d 0.41d 0.0244 0.0300 0.815 19.1
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